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conducted to examine the bias in parameter estimation. The significance of the
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simultaneous LFRM lies in its ability to explore relationships among multiple linear
Keywords: variables, with particular emphasis on considering error terms for all variables. The
study reveals that the estimated parameters exhibit minimal bias. The applicability of
this proposed simultaneous model is illustrated using environmental data such as wind
speed, temperature, and humidity from Malacca throughout the southwest monsoon
for 128 days in 2020.

simultaneous linear functional model;
maximum likelihood estimation;
environmental data

1. Introduction

A type of error-in-variable model (EIVM) is linear functional relationship model (LFRM) where it
is assumed that the underlying variables remain constant. A functional relationship model for the
explanatory variable, X and response variable, Y is when X is a mathematical variable [1]. This
relationship arises from data or observations that have been obtained or measured from continuous
linear variables subject to some sort of errors like observational or individual error variability. The
exploration of the linear functional relationship model (LFRM) dates back to the latter part of the
18th century when Adcock delved into the challenge of fitting a linear relationship in situations where
both the explanatory and response variables were prone to errors, paving the way for the
development of LFRM [2]. Since that time, numerous authors have dedicated their efforts to
addressing the challenge of estimating parameters, particularly in the context of the unreplicated
linear functional relationship model [1-4].

* Corresponding author.
E-mail address: nurkhairany@uitm.edu.my

https://doi.org/10.37934/araset.59.5.107116

107



Journal of Advanced Research in Applied Sciences and Engineering Technology
Volume 59, Issue 5 (2026) 107-116

This paper extends the bivariate LFRM introduced by Ghapor et al., (2014) to a simultaneous
LFRM. This enhancement is made to enable the statistical examination of relationships among
multiple linear variables. Suppose the variable Y};, where j ranges from 1 to g, and i ranges from 1 to
n while X;, where i ranges from 1 to n fits the simultaneous LFRM of Y; = a; + f;X. Let the

observation be x; and y;;, corresponds to the measurement of the true values of X; and Y};, made

with some random error, §; and ¢; . The random error §; and ¢ are assumed to be normally
distributed with §; ~ N(0,07) and & ~ N(0,7}7), respectively. The simultaneous LFRM can be
written as follows:

Y =a; + ;X (1)
wherex; = X; +§;andy;; =Y;+ ¢ forj=1,...,q;i=1,...,n.
2. Parameter Estimation Using the Maximum Likelihood Method

In this study, we focus on situations when the ratio of error variances is already known, sz = Aal-z
for all observations on both variables. Thus, there are (n + q + 1) parameters to be estimated, which

are a;, ﬁj, aiz and X;. The equation of the log-likelihood function of the simultaneous LFRM

logL = —nlog(Zn)—%logl—nlog o (2)
1 1
7 (B = XD + X0 S O — o — BiX0?

2.1 Maximum Likelihood Estimation of a;

By differentiating Eq. (2) with respect to a; we get
n
é 1
5 100 1) = @;@ﬁ — & = BX)

and by setting % (log L) =0, we obtain
J

here y AN dx !
wherey; =—Zyﬁ an x=—2xi
n&d n

i=1

2.2 Maximum Likelihood Estimation of X;

By differentiating Eq. (2) with respect to X; we get
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2.3 Maximum Likelihood Estimation of f3;

By differentiating Eq. (2) with respect to §; we get

and by settingg%.(log L)y=20
]

2
R (Syy—ASxx)+ J (ASxx—Syy) +425%,

J 2Sxy

- - \2 - -
where Sxx = Z?:l(xi - x)z’ Syy = Z?:l(:Vji - y]) , and Sxy = Z?:l(xi - x)(yi - y)

2.4 Maximum Likelihood Estimation of o
By differentiating Eq. (2) with respect to al-z we get

n

Z(xi - X)? +
log 1) = - 4L =
501'2 (log L) = Z(GiZ)z
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) G- XD
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To estimate 67, let 5(;.2 (logl) =0

(4)

(5)
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. A2 . . . . . 2n . . .
Since aiz is an inconsistent estimator of aiz [7], we multiply by n—_nz yields the consistent estimator

- (6)

1 { i —X)? + }
i — 1
' 1 j-l=1 Y — o — BiX)?

n-2

3. Simulation Studies and Model Evaluation for Simultaneous LFRM

An evaluation of parameter estimation performance for simultaneous LFRM is carried out
through a Monte Carlo simulation study using MATLAB software. The mean, estimated bias, and
mean absolute percentage error (MAPE) are evaluated to assess the parameter estimates of @;, ,@j
and 6i2. Without loss of generality, the number of simulations is fixed at s = 10000, the response
variables, j = 1,...,q, is set to be g = 2, which is two response variables, y; and y,. The values of
a; and a,=5 while §; and 8,=1 and also 012 and 022 = 1. The sample size is set to be, n = 30, 50,100,
and 150. In the simulation, the value of A considered is 1 [6-7]. For simplicity, 8, represent the
parameter of ;, ,Bj and al-z, and ér be the estimated value of c’fj, ,[?j and 6i2, respectively. ] represent
the mean value of the estimated value. The following are the measures used to assess the estimation
accuracy of &;, ; and 67.

a) Meanoff,8 = % S_10,

a

b) Estimated bias of 8, EB (9) —06-0

c) Mean absolute percentage error of §, MAPE(0) = i =1 |9_99r

The specifics of the experimental framework starting with step 1 involves generating a random
value for X; of size n, where i ranges from 1 to n. For simplicity, the slopes, B; and y -intercept of the
parameter, a; of simultaneous LFRM, for y; and y, aresetatf; = 1,8, =1, a; =5, a; =5, of =
1, 07 = 1,andA = 1, respectively. Moving on to step 2, we proceed to generate three random error
terms, §; from the normal distribution, N(O, aiz) while & and &, from the normal distribution,
N(O, sz), respectively. In step 3, the observed value of x, y; and y, are calculated. Subsequently, in
step 4, the mean of x, y; and y, are computed. Moving to step 5, the parameter estimates for @,
a,, ﬁ’l, [?2, 62, and 62 are calculated. Finally, in step 6, the mean, estimated bias (EB), and mean
absolute percentage error (MAPE) of &;, @, Bl, ,[?2, 62, and 67 are computed.

4. Simulation Result and Discussion for Simultaneous LFRM

The outcomes of the simulation, aimed at assessing the accuracy of parameter estimation for the
simultaneous linear functional relationship model (LFRM), are outlined in Tables 1 to 6.

Table 1

Simulation result of @&;, whena; = 5,5, = landoZ =1
n Mean EB MAPE

30 4.8951 -0.1049 0.0210

50 4.9204 -0.0796 0.0159
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100 4.9723 -0.0277 0.0055

150 5.0008 0.0008 0.0002

Table 2

Simulation result of @,, whena, = 5,8, = land oz = 1
n Mean EB MAPE

30 4.6715 -0.3285 0.0657

50 4.6977 -0.3023 0.0605

100 4.9639 -0.0361 0.0072

150 5.0044 0.0044 0.0009

Table 3

Simulation result of §;, whena; =5, = landoZ =1
n Mean EB MAPE

30 0.9464 -0.0536 0.0536

50 0.9842 -0.0158 0.0158

100 0.9963 -0.0037 0.0037

150 1.0038 0.0038 0.0038

Table 4

Simulation result of 8,, whena, = 5,8, = land o = 1
n Mean EB MAPE

30 0.9478 -0.0522 0.0067

50 0.9701 -0.0299 0.0299

100 0.9935 -0.0065 0.0065

150 0.9936 -0.0064 0.0064

Table 5

Simulation result of 2, whena; =5,8; = lando? = 1
n Mean EB MAPE

30 0.9141 -0.0859 0.0859

50 0.9161 -0.0839 0.0839

100 0.9978 -0.0022 0.0022

150 1.0013 0.0013 0.0013

Table 6

Simulation result of 32, whena, = 5,8, = land oz = 1
n Mean EB MAPE

30 0.9390 -0.0610 0.0610

50 0.9510 -0.0490 0.0490

100 0.9748 -0.0252 0.0252

150 0.9943 -0.0057 0.0057

From Tables 1 to 6, the mean of @;, @, ,[?1, [?2, 62, and 62 decreases when the sample size
increases. There is a positive indication of the accuracy and reliability of the estimation process. This
is often a result of improvements in the quality of the data used for estimation. Next, when the
sample size increases, the estimate tends to approach the true value, indicating consistency because
the estimate bias (EB) approaches zero. Additionally, the mean absolute percentage error (MAPE)
demonstrates a slight decrease with an increase in sample size. Hence, the estimation appears to be
satisfactory for the majority of sample sizes.
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5. Application to Real Data

In this study, our objective is to investigate the relationship among wind speed, temperature, and
humidity data in Malacca state, Malaysia, throughout the southwest monsoon in 2020. We intend to
represent this relationship using a simultaneous linear functional relationship model (LFRM).
Malacca, situated in the southwestern part of peninsular Malaysia (2.16 °N, 102° 15'E), experiences
consistently high temperatures and humidity with little variation throughout the year [8]. The data
are from the southwest monsoon from 18" May 2020 until 22" September 2020 [9]. The data were
obtained from the Malaysian Meteorological Department (2022). With a sample size, n of 128, for
i = 1,2,3,..., nthevariable x represents the daily maximum wind speed data of Malacca (ms™?);
the variable y; represents the 24-hour mean relative humidity of Malacca, %, and the variable y,
represents the 24-hour mean temperature of Malacca, °C. Figure 1 illustrates the geographical
location of Malacca in Malaysia.

VIETNAM
THAILAND
South China Sea
MALAYSIA
MEL;KA
SINGAPORE
INDONESIA
el

Fig. 1. Location of Malacca in Malaysia

The Weibull distribution is a commonly employed statistical distribution for modelling wind
speeds [4]. The shape parameter of the Weibull distribution can be fitted using a normal distribution
[10-11]. For example, Dookie et al. (2018) identified that normal distribution is suitable for evaluating
wind speed in Trinidad and Tobago compared to distributions such as Weibull, Birbaum-Saunders,
Exponential, Gamma, Nakagami, and Rayleigh distributions [12]. Graphical comparisons were
employed to assess the distributions, while the parameters were estimated using maximum
likelihood estimation. It has been observed that the expected power predicted difference from the
actual values in Trinidad and Tobago, when modelled by the normal distribution, is lower than when
modelled by the Weibull distribution. In a study by Jamaliyatul et al., the normal distribution was
employed to model the relationship between wind speed data in Pulau Langkawi throughout the
southwest monsoon seasons in 2019 and 2020 [4]. As a result, the normal distribution will be utilized
in this study to model the relationship within the wind speed data in Malacca throughout the
southwest monsoon in 2020.

Next, the distribution of humidity and temperature data depends on various factors, including
geographic location, time of day, and weather conditions. In many cases, humidity and temperature
data may approximate a normal distribution, especially if the sample size is large enough and the
data are collected under diverse conditions. Nevertheless, it is crucial to acknowledge that humidity
data typically range between 0% and 100%, and normal distributions are theoretically unbounded.
Additionally, temperature data may display some skewness or be constrained by its upper and lower
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limits. Hence, it is crucial to evaluate the distribution of humidity and temperature data through
graphical methods and statistical tests. The normality of the wind speed, temperature, and humidity
data is examined using the Kolmogorov-Smirnov test, a well-established and commonly used method
for assessing whether data follows a normal distribution [13]. The null hypotheses, denoted as H,
and the alternative hypotheses, denoted as Hy, used in a Kolmogorov-Smirnov test as follows:

Hy: The distribution of the data is normal.
Hy: The distribution of the data is not normal.

The Kolmogorov-Smirnov statistic, D is defined as

D = max (F(Y) - =%, == F(Y)) (7)
1<isn

where F is the theoretical cumulative distribution. The null hypothesis, H, is rejected if the

Kolmogorov-Smirnov statistic, D exceeds the critical value obtained from the table provided by

Massey [14-15]. The critical value is determined by the maximum absolute difference between the

cumulative distributions of the sample and the population for a given sample size, n [15]. For a

significance level of @ = 0.05 and a sample size over 35, the critical value is calculated as =2 accordlng

\/—I
to Massey (1951) [18]. By substituting the sample size, n = 128, into the equation for the critical

valueof D = %, the critical value is found to be 0.1202. The table below presents the Kolmogorov-

Smirnov statistic (D) for wind speed, temperature, and humidity data throughout the Malacca
southwest monsoon in 2020.

Table 7
Kolmogorov-Smirnov statistic (D) for Wind Speed, Humidity, and
Temperature Throughout the Malacca Southwest Monsoon in 2020

Variable Kolmogorov-Smirnov statistic (D)
Wind speed 0.1188
Humidity 0.0480
Temperature 0.0713

Based on Table 7, all the D values are below the critical value, indicating that H, cannot be
rejected. This suggests that the wind speed, temperature, and humidity data in Malacca throughout
the southwest monsoon in 2020 can be reasonably assumed to follow a normal distribution.
Consequently, the extended model in this study, assuming a normal distribution, is deemed suitable
for depicting the relationship among wind speed, temperature, and humidity data in 2020.

To visually assess the goodness-of-fit to the normal distribution, Q-Q plots for wind speed,
temperature and humidity data in Malacca throughout the southwest monsoon in 2020 are
constructed. Q-Q plots illustrate the distribution of data, with points aligning on a reference line if
the data follows a normal distribution. The Q-Q plots for wind speed, temperature, and humidity data
in Malacca throughout the southwest monsoon in 2020 are presented in Figure 2, Figure 3, and Figure
4, respectively.
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Q-Q plot for wind speed data during southwest
monsoon in 2020 for Melaka
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Fig. 2. Q-Q plot for Malacca wind speed data
throughout the southwest monsoon in 2020

Q-Q plot for humidity speed data during southwest
monsoon in 2020 for Melaka
3
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Fig. 3. Q-Q plot for Malacca humidity data throughout
the southwest monsoon in 2020

Q-Q plot for temperature data during southwest
monsoon in 2020 for Melaka

'
w
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Fig. 4. Q-Q plot for Malacca temperature data
throughout the southwest monsoon in 2020

The results from the Kolmogorov-Smirnov test and the Q-Q plots provide approval for treating
the wind speed, humidity, and temperature data of Malacca throughout the southwest monsoon
season in 2020 with a normal distribution. The procedure for simulating the wind speed (x), humidity
(1), and temperature data (y,) of Malacca throughout the southwest monsoon season in 2020 for
simultaneous LFRM starting with step 1, insert the data of x, y;, and y,. Let A = 1. Moving on to step
2, calculate the mean of x, y;, and y,. In step 3, apply the simultaneous LFRM from eq. (2) to fit the
data. Finally, calculate the parameter estimates of @;, @,, [?1, ﬁz, 62, and 67.

114



Journal of Advanced Research in Applied Sciences and Engineering Technology
Volume 59, Issue 5 (2026) 107-116

Table 8
Parameter Estimates of Malacca Wind Speed, Humidity, and
Temperature Throughout the Southwest Monsoon in 2020

Variable Value
a, 60.5530
a, 19.7260
B, 2.0183
B, 0.8266
6% 0.0836
6% 0.2992

From Table 8, it can be observed that the extended model for wind speed, temperature, and
humidity data in Malacca throughout the southwest monsoon in 2020 is ¥; = 60.5530 + 2.0183X
and Y, = 19.7260 + 0.8266X with a small value of variance, which indicates a good estimation for

a,, @, B, and S,.
4. Conclusions

This study extends parameter estimation from a bivariate linear functional relationship model
(LFRM) to a simultaneous LFRM by using the maximum likelihood estimation (MLE) method to study
relationship between multiple linear variables. The application of the simultaneous LFRM is
examplified using data from Malacca, specifically focusing on wind speed, humidity, and temperature
throughout the southwest monsoon season in 2020. The model considers error terms for the data
and MLE is employed to estimate parameters for the wind speed, temperature, and humidity data.
The simultaneous LFRM obtained for wind speed, temperature, and humidity data collected from
Malacca throughout the southwest monsoon of 2020 are Y; = 60.5530 + 2.0183X and Y, =
19.7260 + 0.8266X. This model proves valuable in managing outdoor activities by providing
calculations for wind speed, temperature, and humidity data in Malacca throughout the southwest
monsoon in 2020, considering weather conditions and safety. Additionally, this model could establish
a basis for future research endeavors aimed at investigating the interplay between wind speed,
temperature, and humidity data, portraying it as a simultaneous functional relationship model across
diverse locations.
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